Problem N3004
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Show that for all n, 
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 is divisible by n.

Solution

First, note that the statement holds for n = 1, 2, 3.

Observe that 
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Define 
[image: image9.wmf]1

n

n

n

a

b

a

+

=

. Then 
[image: image10.wmf]1

2

b

=

, 
[image: image11.wmf]2

12

b

=

 and 
[image: image12.wmf]12

68

nnn

bbb

--

=-

 for n = 3, 4, …

The characteristic equation is given by 
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 or 4.

Thus the general solution is given by 
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 for some constants A and B.

Putting n = 1 and 2 separately into the equation, we get 
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Hence, 
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Then 
[image: image17.wmf]11

122

123211

221242634221

12(1)121

(22)(22)(22)(22)(22)

2(21)(21)(21)

nnn

nnn

nn

nnnn

nn

aba

bba

bbbbba

--

---

--

----

+++--

=

=

=

=

=-----

=---

L

L

L

L

L


Suppose 
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 where q is odd. We can show by simple induction that 
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 for all natural numbers n, so 
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, then we are done. Otherwise, since 
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 (mod q), i.e. 
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. Thus q also divides 
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 is divisible by n for all natural numbers n.
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