Problem G4001
Let I be the in-centre of (ABC. A circle centred at I cuts BC at 
[image: image86.wmf] and 
[image: image2.wmf]2

A

, CA at 
[image: image3.wmf]1

B

 and 
[image: image4.wmf]2

B

, AB at 
[image: image5.wmf]1

C

 and 
[image: image6.wmf]2

C

. These six points are in the order of 
[image: image7.wmf]1

A

, 
[image: image8.wmf]2

A

, 
[image: image9.wmf]1

B

, 
[image: image10.wmf]2

B

, 
[image: image11.wmf]1

C

 and 
[image: image12.wmf]2

C

 on the circumference. Let 
[image: image13.wmf]3

A

, 
[image: image14.wmf]3

B

 and 
[image: image15.wmf]3

C

 be the mid-points of the arcs 
[image: image16.wmf]12

AA

, 
[image: image17.wmf]12

BB

 and 
[image: image18.wmf]12

CC

 respectively. 
[image: image19.wmf]23

AA

 and 
[image: image20.wmf]13

BB

 meet at 
[image: image21.wmf]4

C

, 
[image: image22.wmf]23

BB

 and 
[image: image23.wmf]13

CC

 meet at 
[image: image24.wmf]4

A

, 
[image: image25.wmf]23

CC

 and 
[image: image26.wmf]13

AA

 meet at 
[image: image27.wmf]4

B

. Prove that 
[image: image28.wmf]34

AA

, 
[image: image29.wmf]34

BB

 and 
[image: image30.wmf]34

CC

 are concurrent.

Solution
[image: image1.wmf]1

A

Lemma 1:
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Proof:



Suppose the inscribed circle of (ABC touches BC at X. Let the in-radius (i.e. IX) be 
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Similarly we have 
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Proof:




By Lemma 1, 
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Similarly we have 
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Lemma 3:
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Proof:



By Lemma 1, 
[image: image52.wmf]¼

¼

¼

¼

¼

¼

¼

¼

231333132211321233

331233

331233

sinsin

BBAABCABBBAAABABCA

BAABCA

BAABBA

=Þ=+=+=

ÞÐ=Ð

ÞÐ=Ð


Thus
[image: image53.wmf]433233331334

sinsinsinsin

ABABBABAABAB

Ð=Ð=Ð=Ð


Similarly we have 
[image: image54.wmf]433433

sinsin

BCBCBC

Ð=Ð

 and 
[image: image55.wmf]433433

sinsin

CACACA

Ð=Ð

.

Therefore 
[image: image56.wmf]433433433

433433433

sinsinsin

1

sinsinsin

ABABCBCAC

ACABABCBC

ÐÐÐ

××=

ÐÐÐ

.

[image: image84.wmf]¼

¼

¼

¼

¼

¼

132313231323

AAAABBBBCCCC

=====

Suppose 
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To prove that 
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[image: image69.wmf]333

ABC

D

, 
[image: image70.wmf]35

AA

, 
[image: image71.wmf]35

BB

 and 
[image: image72.wmf]35

CC

 are concurrent.

Note that 
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Thus using Lemma 3, 
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By the converse of Ceva’s Theorem, 
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 are concurrent and hence the result follows.
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