Problem C3001

Five numbers, 1, 2, 3, 4, 5 are written on a board. In an operation, one may erase any two numbers, say a and b, on the board, and write the numbers 
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 and ab to replace them. If this process is performed repeatedly, can the numbers 12, 123, 1234, 12345 and 123456 ever appear on the board at the same time?

Solution

First, note that if both a and b are multiples of 3, then both 
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 and ab are multiples of 3. If one of a and b is a multiple of 3, then ab is also a multiple of 3. Hence, the number of multiples of 3 cannot decrease after an operation.

On the other hand, the number of multiples of 3 can only increase in one way, that is, when 
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 (mod 3), 
[image: image4.wmf]2

b

º

 (mod 3), or vice versa, so 
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 (mod 3) and 
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 (mod 3).

In {1, 2, 3, 4, 5}, there is one multiple of 3. In {12, 123, 1234, 12345, 123456}, there are four multiples of 3. Hence, when the number of multiples of 3 is increased to 4, the fifth number should be congruent to 2 modulo 3. However, 
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 (mod 3). Thus we conclude that the five numbers cannot appear on the board at the same time.
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