Problem C1008

On a 8 ( 8 chessboard with the usual colouring (black and white alternately), one may choose a pair of adjacent squares and switch the colour of each of them. Can one repeat this process so that only one black square remains on the board?

Solution

Let w be the number of white squares and b be the number of black squares.

Initially, b = w = 32.

Each time the process is implemented, there can be three situations.

Case 1:
Both squares chosen are black.

In this case both squares will become white, so the value of b is decreased by 2.

Case 2:
Only one of the chosen squares is black.

In this case, the black square becomes white and the white square becomes black. So the value of b remains unchanged.

Case 3:
Booth squares chosen are white.

In this case both squares will become black, so the value of b is increased by 2.

As we can see, in each case, the parity of b remains unchanged, i.e. it is either always odd or always even. 

Since the initial value of b is even, no matter how many times we implement the process, its value will still be even. Hence b can never be equal to 1. The requirement is thus not possible.

