Problem A3004

Let 
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 be a polynomial in x with integer coefficients and degree higher than 4. Suppose that all roots of the equation 
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 are integral and distinct, and one of the roots is 0. Describe the integral roots of the equation 
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Can the assumption that 
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 be relaxed?

Solution

The integral roots of 
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 are just the roots of 
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Let 
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, where 
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, are distinct integers and that 
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Then 
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. For the roots of the equation 
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, we either have 
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 for i = 1, 2, …, k.

For the former case, we get the roots of 
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. We claim that the latter case gives no integral roots.

Without loss of generality, we may assume that 
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. Then we have to consider the integral roots of the equation 
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Clearly, none of the factors on the left can be equal to 
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. Otherwise, two or more factors on the left will be equal to 1 or –1, which is not allowed. Then we must be 
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, because the numbers 
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 have less than five distinct integral divisors (excluding themselves and their negatives, as explained above).

Now suppose the equation has an integral root v. Then 
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 divides 
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. Clearly, v cannot be 
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 does not divide 
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Finally, for 
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. So there cannot be any such v. The result follows.

The assumption that 
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 cannot be relaxed. Otherwise, 
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, being a fourth degree polynomial, gives a counter example. Now the roots of 
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 are 0, 1, 3 and 4. Then 
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, and 2 is a root of 
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