Elementary Number Theory

A.
Divisibility

For integers a and b, if there exists an integer k such that 
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), we say that

(1)
a divides b,

(2)
b is divisible by a,

(3)
a is a factor of b, or

(4)
b is a multiple of a.

This is denoted by 
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Example

Since 
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, we write 
[image: image6.wmf]2|6

 and 
[image: image7.wmf]3|6

. However, 
[image: image8.wmf]4|6

/

.

We say that 2 divides 6, 6 is divisible by 2, 2 is a factor of 6, or 6 is a multiple of 2.

Here are some useful facts:

1.
(a)
If 
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(b)
If 
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(c)
If 
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(d)
If 
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If 
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(e)
If 
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(f)
If 
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2.
For any a, b > 0, there exist unique integers q and r such that 
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If 
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r = 0 if and only if 
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Example

Let 
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B.
The Greatest Common Divisor

The greatest common divisor (GCD) of two numbers a and b, provided that at least one of them is not zero, is the greatest among all the common divisor(s) of a and b. This is denoted by 
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 denotes the greatest common divisor of integers 
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, which are not all zero.

Example

(18, 24) = 6

(–6, 12) = 6

(12, 18, 24, 32) = 4

Here are some useful facts:

1.
For integers a and b, there exist integers x and y such that 
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For integers 
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2.
For any positive integer m,  
[image: image55.wmf](,)(,)

mambmab

=

.

3.
If 
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If 
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4.
If 
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If 
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If 
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If 
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Again, here are some facts:

1.
For any x, a and b, we have 
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2.
If 
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3.
Let a > b > 0 and 
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Then 
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Example

Refer to fact 3 above. Let 
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Thus (352, 128) = 32.

Moreover, 
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C.
The Least Common Multiple

The least common multiple (LCM) of two numbers a and b, provided that both of them is not zero, is the smallest among all the common multiples of a and b. This is denoted by 
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 denotes the least common multiple of integers 
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Example

[2, 3, 5, 6, 12, 18] = 180.

Here are some useful facts:

1.
If 
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2.
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3.
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Example

Let 
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. Then (a, b) = 6, [a, b] = 36. Thus 
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D.
Primes

An integer p (
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) is prime if it has 1 and itself as the only positive factors. Otherwise, it is composite.

Note that 1 is neither prime nor composite.

Example

17 is prime because 1 and 17 are the only positive factors of 17.

Here are some useful facts:

1.
Every integer n greater than 1 can be expressed as a product of primes. It can be uniquely expressed in the form 
[image: image108.wmf]12

12

k

eee

k

nppp

=

L

, where 
[image: image109.wmf]i

p

 are primes and 
[image: image110.wmf]i

e

 are positive integers. 


This is known as the fundamental theorem of arithmetic.

2.
If p is prime and 
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If 
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3.
There are infinitely many primes.

Example

The positive integer 2000 can be factorised uniquely into 
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E.
Euclidean Algorithm

To find the greatest common divisor of large numbers is not easy. In such cases, we may apply the Euclidean Algorithm. This algorithm makes use of the following fact (which had been stated in Section B above):

If a, b are not both zero, then 
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Example
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