Congruences

A.
Congruences
If an integer k (
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If k does not divided 
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Example

We say that 
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We have the following properties:

1.
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6.
If f is a polynomial with integral coefficients and 
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In particular, if 
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If 
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If 
[image: image39.wmf]xy

º

 (mod m), then y is called a residue of x modulo m. A set 
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A reduced residue system modulo m is a set of integers r, such that 
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Let 
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 is a complete, or a reduced, residue system, respectively, modulo m.

Example

12, 34, 65 form a complete residue system modulo 3.

B.
Euler’s -function

For a positive integer n, we define 
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 to be the number of positive integers less than n that are relatively prime to n.


Example
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 since among the positive integers less than 10, there are 4 of them, namely, 1, 3, 7, 9, which are relatively prime to 10.

Facts:

(1)
If p is a prime number, then 
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(2)
If a and b are relatively prime, then 
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Example

(1)
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Let 
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Let 
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C.
Some Famous Theorems

Fermat’s Little Theorem states that if p is prime and (a, p) = 1, 
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Euler’s Theorem deals with the more general case, stating that for any positive integer n such that (a, n) = 1, 
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Example

Since 11 is prime and (8, 11) = 1, 
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[image: image74.wmf]6

81

º

 (mod 9).

The Chinese Remainder Theorem states that if 
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 are pairwise relatively prime integers, the following system of congruences has solution and the solution is unique modulo 
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To find a solution, let 
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. One solution is given by
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Example

The following system of congruences has solution.
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The solution is given by


[image: image83.wmf](2)(3)(5)

235235235

1236803

235

x

fff

´´´´´´

æöæöæö

=´+´+´=

ç÷ç÷ç÷

èøèøèø


Since 
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, any number which is congruent to 23 modulo 30 is a solution to the system.
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