Combinatorics

Combinatorics is the mathematics of counting.

1.
Permutation

Theorem 1.1
The number of ways to arrange n objects is n!.

Illustration
Given 5 people and 5 seats, there are 5! = 120 ways for these people to be sat.

Theorem 1.2
We define 

 to be the number of ways that r objects can be chosen from n objects. A different ordering of the choice of object is considered to be a different way.
Note that 

 can also be written as 

.

Illustration
8 people compete in an athletic race. The number of possibilities that they won the gold, silver and bronze medals is 

.

2.
Combination
Combination differs from permutation in that we are not concerned with the order by which objects are taken.

Theorem 2
We define 

 to be the number of ways that r objects can be chosen from n objects. Choices which only differ in the ordering of objects are considered to be the same.

Illustration
Among a class of 40 students, 3 of them are chosen as monitors. The number of different possibilities is 

.

3.
The binomial theorem
Theorem 3


.

4.
The pigeon-hole principle
Theorem 4.1
If 

 objects are divided into n groups, there is at least one group which contains at least 2 objects.

Theorem 4.2
If m objects are divided into n groups where 

, there is at least one group which contains at least 

 objects.

Illustration
51 pears are shared among 10 children. There is at least one children who get at least 6 pears.

5.
Set theory

Definition 5.1
A set is a collection of objects.

Illustration

{2, 4, 6, 8, 10,…} is the set of positive even numbers.

Definition 5.2
If x is an element of the set A, then we write 

. Otherwise we write 

.

Illustration
Let B denote the set of prime numbers. Then 

 and 

.

Definition 5.3
(a)
The universal set, U, is the set of all elements.
(b)
The empty set, denoted by 

, is the set containing no elements.
(c)


 (or 

, 

) is the set of elements in U but not in A.
(d)


 is the set of elements in A or in B.
(e)


 is the set of elements in both A and B.

Illustration
Let A = {2, 3, 5, 7}; B = {3, 6, 9} and U = {1, 2, …, 10}.
Then 

 = {1, 4, 6, 8, 9, 10}; 

 = {2, 3, 5, 7}; 

; 

 = {2, 3, 5, 6, 7, 9}; 

 = {3}.

Definition 5.4
We define |A| or n(A) to be the number of elements in A.

Illustration
In the previous illustration, 

 and 

.

Theorem 5.1
(a)


.
(b)


.
(c)


.
(d)





=
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.

Illustration
Let A = {multiples of 3 from 1 to 150}; B = {multiples of 5 from 1 to 150} and
C = { multiples of 7 from 1 to 150}.
We have 

, 

, 

, 

, 

, 

 and 

.
Thus 

, which means that from 1 to 150, there are 81 numbers divisible by 3, 5 or 7.

6.
Examples
(a)
Given a, b, c, d are non-negative integers. How many solutions are there to the equation 

?

Solution
We may represent a solution graphically. For instance, the solution (3, 4, 2, 1) may be represented as
( ( ( + ( ( ( ( + ( ( + (
Now replace the three ‘+’s by (s. We thus have 13 (s and in fact, we observe that we are trying to substitute the three ‘+’s in the 13 positions:
( ( ( ( ( ( ( ( ( ( ( ( (
Any one method of substitution corresponds to a solution to the equation.
Hence the number of solutions =
Number of ways to choose 3 positions from 13






 =


.

(b)
Prove that among any 52 positive integers, there must be two of them whose sum of difference is divisible by 100.

Solution
Consider the last two digits of the 52 integers only. Now define the 51 sets: {00}, {01, 99}, {02, 98}, …,{49, 51} and {50}. If any two of the 52 integers lie in the same set, then their sum or difference is divisible by 100. Since there are 52 integers but only 51 sets, there must be two of them lying in the same set and the proposition is proved.

(c)
P is an n-digit number. Each digit is either 1, 2 or 3. Each of the digits 1, 2 and 3 appears at least once in P. How many such P exists?

Solution
Define the sets U = {all n-digit numbers with only 1, 2 and 3}, A = {combinations without 1}, B = {combinations without 2} and C = {combinations without 3}.

The number of such P
= 


 
=



=



=



=


.
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